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RIGIDITY AND VANISHING THEOREMS
ON Z/k SPIN¢® MANIFOLDS

BO LIU AND JIANQING YU

ABSTRACT. In this paper, we first establish an Sl-equivariant index theo-
rem for Spin¢ Dirac operators on Z/k manifolds, and then combining this
equivariant index theorem with the methods developed by Liu-Ma-Zhang and
Taubes, we extend Witten’s rigidity theorem to the case of Z/k Spin® mani-
folds. Among others, our results resolve a conjecture of Devoto.

1. INTRODUCTION

In [27], Witten derived a series of elliptic operators on the free loop space LM
of a spin manifold M. In particular, the index of the formal signature operator on
a loop space turns out to be exactly the elliptic genus constructed by Landweber-
Stong [14] and Ochanine [24] in a topological way. Motivated by physics, Witten
conjectured that these elliptic operators should be rigid with respect to the circle
action.

This conjecture was first proved by Taubes [26] and Bott-Taubes [5]. See also
[I1] and [13] for other interesting cases. By the modular invariance property, Liu
([16,[I7]) presented a simple and unified proof of the above conjecture as well as
various further generalizations. In particular, several new vanishing theorems were
established in [I6LI7]. Furthermore, on the equivariant Chern character level, Liu
and Ma ([I8[19]) generalized Witten’s rigidity theorem to the family case and also
obtained several vanishing theorems for elliptic genera. In [200[21], inspired by [26],
Liu, Ma and Zhang established the corresponding family rigidity and vanishing
theorems on the equivariant K-theory level.

In [29], Zhang established an equivariant index theorem for circle actions on Z/k
spin manifolds and pointed out that by combining it with the analytic arguments
developed in [21], one can prove an extension of Witten’s rigidity theorem to Z/k
spin manifolds. The purpose of this paper is to extend the result of [29] to Z/k Spin®
manifolds and then establish Witten’s rigidity theorem for Z/k Spin® manifolds.
Recall that a Z/k manifold X is a smooth manifold with boundary X which
consists of k disjoint pieces, each of which is diffeomorphic to a given closed manifold
Y (cf. [23]). It is interesting that for a Dirac operator D on a Z/k manifold, the
APS-ind(D) mod kZ determines a topological invariant in Z/kZ, where APS-ind(D)
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is the index of D which is imposed on the boundary condition of Atiyah-Patodi-
Singer type [I]. Freed and Melrose [8] proved a mod k index theorem,

(1.1) APS-ind(D) mod kZ = t-ind(D),

giving APS-ind(D) mod kZ a purely topological interpretation.

Assume that X is a Z/k manifold which admits a Z/k circle action (cf. Section
22). Let D be a Dirac operator on X which commutes with the circle action. Let
R(S') denote the representation ring of S*. The equivariant topological index of D
is defined by Freed and Melrose [8] as an element of Z/kZ @ R(S'), and we denote
it by t-indg1 (D). Then there exist R,, € Z/kZ such that

(1.2) t-indg1 (D) = ¥ R, ® [n],
neZ

where by [n] (n € Z) we mean the one dimensional complex vector space on which
St acts as multiplication by g" for a generator g € S*.

On the other hand, by applying the equivariant index theorem for Z/k manifolds
established by Freed and Melrose in [§], one gets for n € Z,

(1.3) R,, = APS-ind(D,n) mod kZ.

See (2.9) for the definition of APS-ind(D,n).

The Dirac operator D on X is said to be rigid in Z/k category for the circle
action if its equivariant topological index t-indg: (D) verifies that for n € Z, n # 0,
one has

(1.4) R, =0 inZ/kZ.

Furthermore, we say D has wvanishing property in Z/k category if its equivariant
topological index t-indg:1 (D) is identically zero, i.e., (L4) holds for any n € Z.

In [7], Devoto introduced what he called mod k elliptic genus for Z/k spin mani-
folds as an S'-equivariant topological index in the sense of [§] of some twisted Dirac
operator and conjectured that this mod k elliptic genus is rigid in Z/k category.
In this paper, following the suggestion in [29, Remark 1], we present a proof of
Devoto’s conjecture. Moreover, we establish our results for Z/k Spin® manifolds,
thus generalizing [I7, Theorems A and B] to the case of Z/k Spin® manifolds.

Our proof of these rigidity results consists of two steps. In step 1 (Sections[2]and
[B), we extend the Z/k equivariant index theorem of Zhang [29] to the Spin® case. In
step 2 (Sections M and []), using the mod k localization index theorem established
in step 1 and modifying the process in [20,21], we prove the main results of this
paper.

This paper is organized as follows. In Section [, we state an S'-equivariant
index theorem for Spin® Dirac operators on Z/k manifolds (cf. Theorem 2.8]). As
an application, we extend Hattori’s vanishing theorem [9] to the case of Z/k almost
complex manifolds. In Section [ we prove the S'-equivariant index theorem stated
in Section2l In Section[ we prove our main results (cf. Theorem [LT]), the rigidity
and vanishing theorems for Z/k Spin® manifolds, which generalize [I7, Theorems
A and B]. When applied to Z/k spin manifolds, our results resolve a conjecture of
Devoto [7]. Section[lis devoted to the proof of two intermediate results, Theorems
and .7, which are used in the proof of our main results in Section [l
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2. SPIN® DIRAC OPERATORS AND A MOD k LOCALIZATION FORMULA

In this section, for a Z/k manifold which admits a nontrivial Z/k circle action, we
state a mod k localization formula for S'-equivariant Spin¢ Dirac operators, whose
proof will be given in Section [Bl As an application, we deduce the rigidity and
vanishing property for several Dirac operators on a Z/k almost complex manifold.
In particular, we extend Hattori’s vanishing theorem [9] to the case of Z/k almost
complex manifolds.

This section is organized as follows. In Section [l we review the construction
of Spin¢ Dirac operators on Z/k manifolds and the Atiyah-Patodi-Singer boundary
problems. In Section 2.2, we recall the relevant facts about circle actions on Z/k
manifolds and present a variation formula for the indices of these boundary prob-
lems. In Section[23] we state the mod k localization formula for Z/k circle actions.
As an application, in Section [Z], we extend Hattori’s vanishing theorem [9] to the
case of Z/k almost complex manifolds.

2.1. Spin® Dirac operators on Z/k manifolds. We first recall the definition of
Z/k manifolds introduced by Morgan and Sullivan (cf. [23]).

Definition 2.1 (cf. [29] Definition 1.1]). A compact Z/k manifold is a compact
manifold X with boundary 90X, which admits a decomposition 0X = L]le(@X )i
into & disjoint manifolds and k diffeomorphisms 7; : (0X); — Y to a closed manifold
Y. We use the triple (X,Y,7) to denote this Z/k manifold. We will also denote it
by X for simplicity if there is no confusion.

Let (X,Y, ) be a Z/k manifold. In what follows, as in [29], we will call an object
« (e.g., metrics, connections, vector bundles, Spin®-structures, etc.) over X a Z/k
object if there is a corresponding object 8 on Y such that algx = 7*83.

Given a Z/k manifold (X,Y, ), one obtains a quotient space X by identifying
each of the k disjoint pieces of the boundary dX. In this paper, by a topological
object (e.g., cohomology, characteristic classes, K-group, etc.) on a Z/k manifold
(X,Y,7), we will mean the corresponding object on its quotient space X.

Remark 2.2. Tt is of critical importance that X has the homotopy type of a CW
complex, which implies that the first Chern class ¢; induces a 1-to-1 correspondence
between the equivalence classes of the Z/k complex line bundles over X and the
elements of H?(X;Z).

We make the assumption that (X, Y, ) is a Z/k manifold, which is Z/k oriented
and of dimension 2I.

Let V be a Z/k real vector bundle over X which is of dimension 2p and is Z/k
oriented. Let L be a Z/k complex line bundle over X with the property that the
vector bundle U = TX @V satisfies wa(U) = ¢1(L) mod (2), where wy denotes the
second Stiefel-Whitney class and ¢; denotes the first Chern class. Then the Z/k
vector bundle U has a Z/k Spin°®-structure.

Let g7X be a Z/k Riemannian metric on X. Let 72X be its restriction on T9X.
Let €g > 0 be less than the injectivity radius of g7X. We use the inward geodesic
flow to identify a neighborhood of the boundary with the collar [0,¢) x 0X. We
assume that ¢g7¥ has a product structure decomposition near X . That is, there
is an open neighborhood %, = [0,¢) x 0X of X in X with 0 < e < ¢ such that
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one has the orthogonal splitting on %,
(2.1) g™

where 7 : [0,€) x 0X — 0X is the obvious projection onto the second factor.

Let VIX be the Levi-Civita connection on (TX,g?X). Then VI¥X is a Z/k
connection.

Let W be a Z/k complex vector bundle over X with a Z/k Hermitian metric
g"V. Let VW be a Z/k Hermitian connection on W with respect to g"V'. We make
the assumption that ¢ and V"W both have product structure decompositions near
0X. That is, over the open neighborhood %, of X, one has

(22) W Ya, =72 (9" |ox), and VWV, = 72V |ox).

Let gV (resp. g*) be a Z/k Euclidean (resp. Hermitian) metric on V (resp. L),
and VV (resp. V) be a corresponding Z/k Euclidean (resp. Hermitian) connection
on V (resp. L). We make the assumption that g"', VV, ¢g&, V¥ all have product
structure decompositions near 9X (cf. ([22)).

By taking € > 0 sufficiently small, one can always find metrics g7, ¢g", ¢v, g*
and connections V', VY, VI verifying the above assumptions.

The Clifford algebra bundle C(T'X) is the bundle of Clifford algebras over X
whose fiber at x € X is the Clifford algebra C(T,X) (cf. [15]). Let C(V) be the
Clifford algebra bundle of (V, g"').

Let S(U, L) be the fundamental complex spinor bundle for (U, L) (cf. [I5, Ap-
pendix D]). We denote by ¢(-) the Clifford action of C(TX), C(V) on S(U,L).
Let {e;}2L, (vesp. {f; 31; 1) be an oriented orthonormal basis of (T'X, g7™) (resp.
(V,g")). There are two canonical ways to consider S(U, L) as a Zs-graded vector
bundle. Let

w = d,’,2 e ﬂ_:gTBX7

w. =7, (Wlax), g

7o = (V=1)'c(er) - c(en),
Te = (V=1)"*Pc(er) - - clear)e(fr) - - c( fop)

be two involutions of S(U,L). Then 72 = 72 = 1. We point out here that by
[B, Lemma 3.17], 75 and 7, are well defined. This remark applies in the remaining
part where we use local (oriented) frames to define an involution. We decompose
S(U,L) = S4(U,L)®S_(U, L) corresponding to 7, (resp. 7) such that 7,|s, (1) =
+1 (resp. Te|s, (w,r) = *1).

We always fix an involution 7 on S(U, L), either 75 or 7., without further notice.
Let V9L be the Hermitian connection on S(U, L) induced by VX @ VY and
VL (cf. [15, Appendix D]). Then V(L) preserves the Zy-grading of S(U, L). Let
V3UL®W he the Hermitian connection on S(U, L) ® W obtained from the tensor
product of VS(W:L) and VW,

Definition 2.3. The twisted Spin® Dirac operator DX on S(U,L) ® W over X is
defined by

(2.3)

21
(24) DY = c(e))VIUPEW  T(X, S(U, L) @ W) — T'(X, S(U, L) @ W).

i=1
Denote by D the restrictions of DX on T'(X, S+ (U, L) @ W).

By [15], DX is a formally self-adjoint operator. To get an elliptic operator, we
impose the boundary condition of Atiyah-Patodi-Singer type [1].
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RIGIDITY AND VANISHING THEOREMS ON Z/k SPIN® MANIFOLDS 1385

We first recall the canonical boundary operators (cf. [6 (1.4)]). For a first order
differential operator D : T'(X,S(U, L) @ W) — I'(X, S(U, L) ® W) on X, if there
exists € > 0 sufficiently small such that the following identity holds on %,

(2.5) ch(%)(%—l—B),

with B independent of 7, then we will call B the canonical boundary operator
associated to D. When there is no confusion, we will also use B to denote its
restriction on T'(X, S(U, L) ® W)|ax-

We then recall the Atiyah-Patodi-Singer projection associated to a boundary
operator (cf. [I]). Assume temporarily that B : T'(X,S(U,L) @ W)lox —
I'(X,S(U,L)®@ W)|ax is a first order formally self-adjoint elliptic differential oper-
ator on 0X. For any A\ € Spec(B), the spectrum of B, let E) be the eigenspace
corresponding to A. For a € R, let P>, be the orthogonal projection from the L?-
completion of I'(X, S(U, L) ® W)|ax onto @,~., E£x. We call the particular projec-
tion Pso the Atiyah-Patodi-Singer projection associated to B to emphasize its role
in [I]. If we assume in addition that B preserves the Zs-grading of T'(X, S(U, L) ®
Wlox, and let By be the restrictions of B on I'(X, S (U, L) ® W)|sx, then we
will restrict P>, on the L?-completions of I'(X, Sy (U, L)@ W)|sx and denote them

by PZa,i~
Let e; = % be the inward unit normal vector field perpendicular to 0X. Let
€a,- -+ ,e9 be an oriented orthonormal basis of TOX so that —eq,es, -+ , €9 is an

oriented orthonormal basis of TX|sx. We indicate here that we keep this orien-
tation so that the usual Stokes formula holds. Then using parallel transport with
respect to VT along the unit speed geodesics perpendicular to 90X, —ep, ea, -+ , ey
forms an oriented orthonormal basis of T'X over %..

Definition 2.4. Let BX : I'(X,S(U,L)@W)|asx — I'(X, S(U, L)@ W)|sx be the
differential operator on X defined by
21 9
X _ o ATS(UL)QW
(2.6) B* = Zc (5‘7") c(es) Ve, .
=2
By [1], BX is a formally self-adjoint first order elliptic differential operator in-
trinsically defined on dX, which is the canonical boundary operator associated to
DX and preserves the natural Z,-grading of (S(U, L) @ W)|ax.
We now recall the Dirac type operator [0, Definition 1.1] as well as the boundary
condition of Atiyah-Patodi-Singer type [1J.
Definition 2.5. By a Dirac type operator on S(U, L) ® W, we mean a first order
differential operator D : I'(X,S(U,L) ® W) — I'(X,S(U,L) ® W) such that
D — DX is an odd self-adjoint element of zero-th order and that its canonical

boundary operator B acting on I'(X, S(U, L) ® W)|sx is formally self-adjoint. We
will also call the restrictions Dy of D to I'(X, S+ (U, L)@ W) a Dirac type operator.

Now let D be a Z/k Dirac type operator with its canonical boundary operator
B. Obviously, B preserves the Zy-grading of T'(X, S(U, L) @ W)|sx-

Following [I], the boundary problem
(D"HPZOH‘) : {3 ’ s € F(X7 S+(Ua L) ® W)7PZO,+(S‘6)() = O}

(27) — T(X,5_(U,L) & W)
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1386 BO LIU AND JIANQING YU

defines an elliptic boundary problem whose adjoint is (D_, P~ ). Moreover, it
induces a Fredholm operator [I]. We will call the boundary problem (D4, P>g 4)
the Atiyah-Patodi-Singer boundary problem associated to D,. Set

(2.8) APS-ind(D) = dimker(D4, P> +) — dimker(D_, Psg ).

2.2. Z/k circle actions and a variation formula.

Definition 2.6. We will call a circle action on X a Z/k circle action if it preserves
0X and there exists a corresponding circle action on Y such that these two actions
are compatible with . The circle action is said to be nontrivial if it is not equal
to identity.

In what follows we assume that X admits a nontrivial Z/k circle action.

Recall that V', L, W are Z/k vector bundles. We assume that the Z/k circle
action on X lifts to Z/k circle actions on V', L and W, respectively. Without loss
of generality, we may and we will assume that these Z/k circle actions preserve
g™X, gV, g*, ¢, VYV, VE, VW and their product structure decompositions near
0X. Here by “the circle action preserves the product structure decomposition of
an object near X ” we mean the circle action on the object over %, is induced by
the one on its restriction to dX, where ¢ > 0 sufficiently small. We also assume
that the Z/k circle actions on TX, V and L lift to a Z/k circle action on S(U, L)
and preserves its Zo-grading.

Let & be a Z/k S'-equivariant vector bundle over X. Let & be the S'-
equivariant vector bundle over Y induced from & through the map 7 : 90X — Y.
Recall that the circle action on T'(X, &) is defined by (g - s)(z) = g(s(¢g~'z)) for
g €St s el(X,£), x € X. Similarly, the group S! acts on I'(X,&)|ox and
I'(Y,&y). For & € Z, by the weight-¢ subspace of I'(X,&) (resp. I'(X,&)|sx,
I'(Y,&y)), we mean the subspace of I'(X, &) (resp. I'(X, &)|ax, (Y, & )) on which
S1 acts as multiplication by ¢¢ for g € S*.

For any € € Z, let EEi (resp. Ega, E}%g) be the weight-£ subspaces of

I'(X,S+(U L)@ W)

(xesp. T(X, S+(U, L) & W)lox, T(Y; (S(U, L) & W)y)).

Let D be a Z/k Sl-equivariant Dirac type operator on I'(S(U,L) ® W) with
canonical boundary operator B acting on I'(X, S(U, L) ® W)|ax. Let P>¢ + be the
orthogonal projection associated to By. For £ € Z, let Dy ¢ and P>q 4 ¢ (resp.
P-o,— ¢) be the restrictions of Dy and P>q 4 (resp. Pso,—) on the corresponding
weight-£ subspaces Efi and EZB (resp. Eg ) respectively. Then (D4 ¢, P>o,+.¢)
forms an elliptic boundary problem. Set

(2.9) APS-ind(D, ) = dimker(D4 ¢, P>o,+¢) — dimker(D_ ¢, Pso,—¢) -

Let {D; : I'(X,S(U,L)® W) — I'(X,S(U,L) ® W)|0 < t < 1} be a one
parameter family of Z/k S'-equivariant Dirac type operators with the canonical
boundary operators {Bt | 0<t< 1}. For any ¢ € [0, 1], let DZ+ be the induced
operator from B; 4 through the map 7 : 90X — Y, and let By 4 ¢ (resp. DZ+7§) be

the restriction of By 4 (resp. DZ ) on the weight-£ subspace Eg o (resp. E;;E) We
have the following variation formula.
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RIGIDITY AND VANISHING THEOREMS ON Z/k SPIN® MANIFOLDS 1387

Theorem 2.7 (Compare with [6] Theorem 1.2]). The following identity holds:
APS-ind(D1, &) — APS-ind(Dy, &) = —sf {By 1 ¢ [0 <t <1}

2.10
(2.10) =—ksf{D}, (|0<t <1},

where st is the notation for the spectral flow of [2]. In particular,
APS-ind(Dy, €) = APS-ind(Dy, ) mod kZ.
Proof. The proof is the same as that of [6, Theorem 1.2].

2.3. A mod k localization formula for Z/k circle actions. Let H be the
canonical basis of Lie(S') = R, i.e., for t € R, exp(tH) = ¢>™V =1t € §'. Let H be
the Killing vector field on X corresponding to H. Since the circle action on X is
of Z/k, H|lspx C TOX induces a Killing vector field Hy on Y. Let Xp (resp. Yg)
be the zero set of H (resp. Hy) on X (resp. Y). Then Xy is a Z/k manifold and
there is a canonical map 7x, : 0Xg — Yy induced by 7. In general, Xp is not
connected. We fix a connected component X, of X, and we omit the subscript
« if there is no confusion.

Clearly, Xy intersects with X transversally. Let ¢g?*# be the metric on Xy
induced by ¢7*. Then ¢g”*# has a product structure decomposition near 0Xy. In
fact, by choosing € > 0 small enough, we know % = %. N Xy carries the metric
naturally induced from g7%|4, .

Let 7 : N — Xy be the normal bundle to Xg in X, which is identified to
be the orthogonal complement of TXy in TX|x,,. Then TX|x, admits a Z/k
Sl-equivariant decomposition (cf. [21], (1.8)])

(2.11) TX|x, = @Nv ®TXy,
v#£0

where N, is a Z/k complex vector bundle such that g € S* acts on it by g” with
v € Z\{0}. We will regard N as a Z/k complex vector bundle and write Ng for the
underlying real vector bundle of N. Clearly, N = @, 20 No. For v # 0, let Ny g
denote the underlying real vector bundle of N,,.

Similarly, let

(2.12) Wix, =P Wo, Vix, =PVeaVy
v v#0

be the Z/k S'-equivariant decompositions of the restrictions of W and V over Xy
respectively, where W,, and V, (v € Z) are Z/k complex vector bundles over X g
on which g € S acts by ¢g°, and V;* is the real subbundle of V such that S! acts as
identity. For v # 0, let V,, g denote the underlying real vector bundle of V,,. Denote
by 2p’ = dim V and 2’ = dim Xg.
Let us write
—1

(2.13) Lp =L | (X)det N, ® (X)det V,
v#0 v#£0

Then TX 5 ®VE has a Z/k Spin®-structure since we (T X g OVt) = c1(Lr) mod (2).
Let S(TXy ® V%, Lr) be the fundamental spinor bundle for (TXy @ V&, L) as
in Section 211
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1388 BO LIU AND JIANQING YU

Recall that N, g and V, g (v # 0) are canonically oriented by their complex
structures. The decompositions (m]), [@I2) induce the orientations of T Xy and

V® respectively. Let {e;}24,, { fJ} , be the corresponding oriented orthonormal

basis of (TXg,gT*X#) and (Vg ) There are two canonical ways to consider
S(TXy @V, Lr) as a Zy-graded vector bundle . Let

7o = (V=D c(er) - clear),

e = (V=D eler) - elear)e(fr) -+ ol fay)

be two involutions of S(T Xy @ Vo, Lr). Then 72 = 72 = 1. We decompose

S(TXy oV, Lr) =S+(TXy &V, Lp)®S_(T' Xy & V§', Lp) corresponding to

T (resp. 7¢) such that 7s|s, (rx,eve L) = £1 (tesp. Tels, (rx,avE, Lp) = 1)
Let C(Ng) be the Clifford algebra bundle of (Ng, g™). Then A(N") is a C'(Ng)-

Clifford module. Namely, for e € N, let €’ € N correspond to e by the metric g™v
and let

(2.15) cle) =V2en, c@=-V2ig,
where A and i denote the exterior and interior multiplications, respectively. Let 7V
be the involution on A(N") given by TN|Aeven/Udd(N*) =+1.

Similarly, we can define the Clifford action of C(V, g) on the C(V, r)-Clifford
module A(Vz) with the involution TX\Aevel,/odd(V*) = 41.

(2.14)

Upon restriction to Xg, one has the following Z/k isomorphisms of Zs-graded
Clifford modules over Xy (compare with [21, (1.49)]):

(2.16) (S(U,L),7s)|xy = (S(TXp & Vi, Lr),7s) ® (AN, 7V)& (X) (AV,,id),
v#0
where id denotes the trivial involution, and

(2.17) (S(U.L),7)|xy ~ (ST Xy ® V', Lr),7) ® (AN, 7V)® @ AV, 1Y)

v#0
Here we denote by & the Zo-graded tensor product (cf. [I5, p. 11]). Furthermore,
isomorphisms (216, (ZI7) give the identifications of the canonical connections
on the bundles (compare with [2I) (1.13)]). We still denote the involution on
S(TXyg @ VE Lp) by 7.

Let R be a Z/k Hermitian vector bundle over Xy endowed with a Z/k Hermitian
connection. We make the assumption that the Hermitian metric and the Hermitian
connection both have product structure decompositions near 0X . We will denote
by DX# @ R the twisted Spin¢ Dirac operator on S(TXy ® V&, Lr) ® R and by
DX @ R its restriction to Xgr o (cf. Definition 23).

We denote by K(Xp) the K-group of Z/k complex vector bundles over Xy (cf.
[8, p. 285]). We use the same notation as in 21} p. 128],

Sym,(R) = ) q"Sym"™(R) € K(Xn)([dll,
(2.18) -

+oo
R) =) ¢"A"(R) € K(Xu)[lqll,

for the symmetric and exterior power operations in K (Xg)[[q]], respectively.
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Let S! act on L|y, by sending g € S* to g' (I. € Z) on Xg. Then I, is
locally constant on X . Following [21) (1.50)], we define the following elements in

K(Xn)lla?]):
1 . 1 . 1
Ri(Q) — q§ > |v] dim Ny, —5 >, vdim Vot3gle ® (Squv (NU) ® det Nv)
v>0
(2.19) ® () Symy— (Vo) @ Q) Asgo (Vi) @ (Z q”Wv)
v<0 v#0 v

= Z Ri,nqn )
n

1 . 1 . 1 —
R/i(q) — q—§ 2, wldim Ny—5 37 vdim Vy+ 351 ® Squ7U (Nv)

v>0
(2.20) © &) (Symge (N,) @ det N,) © R) Asgr (Vo) © (Z qqu)
v<0 v#£0 "

As explained in [2T] p. 139], since TX &V ¢ L is spin, one gets
(2.21) > vdimN, + > vdimV, +1.=0 mod (2).
v

Therefore, Ry ¢(q), Ry ((q) € K(Xm)[[q]]-

Clearly each Ry¢, Ry . (£ € Z) is a Z/k vector bundle over Xp carrying a
canonically induced Z /k Hermitian metric and a canonically induced Z/k Hermitian
connection, which have product structure decompositions near 90X .

We now state a mod k localization formula which generalizes |21, Theorem 1.2]
to the case of Z/k manifolds. It also generalizes the Z/k equivariant index theorem
in [29] Theorem 2.1] to the case of Spin®-manifolds.

Theorem 2.8. For any & € Z, the following identities hold:
(222)  APS-ind,, (D¥,&) = (—1)=o< N APS-ind, (DX~ @ Ry )

[0}

(2.23)  APS-ind, ,€) =) (—1)Zo<e i Ne APS.ind, (DX @ R_ )

[e%

= Z ZucodimNo APG ind (DXH"" ® Rﬁryg) mod kZ ,
(D%
2oco SNy APS ind,, (DX#> @ R ) mod kZ .
«

Proof. The proof will be given in Section 3.

2.4. A Z/k extension of Hattori’s vanishing theorem. In this subsection, we
assume that TX has a Z/k S'-equivariant almost complex structure J. Then one
has the canonical splitting

(2.24) TX @ C=THOX ¢ TOVX,

where T(h0 X and TV X are the eigenbundles of J corresponding to the eigen-
values v/—1 and —+/—1, respectively.
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Let Ky = det(T™9X) be the determinant line bundle of 79X over X.
Then the complex spinor bundle S(TX, Kx) for (TX, Kx) is A(T*®VX) (cf. [15
Appendix DJ).

We suppose that ¢, (TH9X) =0 mod (N) (N € Z,N > 2). As explained in
Section 2], the complex line bundle K ;(/ N'is well defined over X. After replacing
the S* action by its N-fold action, we can always assume that S* acts on K/ YN For
s€Z,let DX ® KS/N be the twisted Spin® Dirac operator on A(T*(©: 1)X) ® KS/N
deﬁned as in (24]).

Using Theorem 28] we can generalize the main result of Hattori [9] to the case
of Z/k almost complex manifolds.

Theorem 2.9. Assume that X is a connected Z/k almost complex manifold with
a nontrivial Z/k circle action. If c;(TM9X) =0 mod (N) (N € Z,N > 2), then
fors € Z, —N < s <0, DX®KS/N

particular, the following identity holdS'

(2.25) tind(DX @ K/N) =0 in Z/kZ .

has vanishing property in Z/k category. In

Proof. Using the almost complex structure on 7' X g induced by the almost complex
structure J on T'X and by (ZI1]), we know that

1,0 _ 1,0
(2.26) T( >X|XH =P N oT" Xy
v#£0
where N, are complex subbundles of 710 X ’ X, on which g € S! acts by multi-
plication by g".
We claim that for each £ € Z, the following identity holds:
(2.27) APS-ind(DX @ K3/ ¢) =0  mod kZ .

In fact, if Xz = (), the empty set, by Theorem 28] ([2.27)) is obvious.

When Xy # 0, we see that >, |v|dim N, > 0 (i.e., at least one of the N,’s is
nonzero) on each connected component of Xz. From (Z.26), one sees that g € S*
acts on Kx|x, by multiplication by g2 VAim Ny Get

ay = 1nf( Z|U|d1mN —i—( )Z’Udlva>,
ag—sup(——Z\v\dlmN —|—( )ZvdlmN)

Consider Ry (q), R/ (q) of (ZI9) and ([2.20) for the case that V =0 and W =

K;/N. The power of ¢ in R, (q) is at least a1, and the power of ¢ in R/ (¢) is at

most as. Thus, we deduce that
Rie=0if{<ay, and R\ =0if{> as.

Since —N < s < 0, we know a; > 0 and ay < 0. By using Theorem [Z.8] we see that

@Z10) holds for any & € Z.
Now Theorem follows easily from (1), (I3) and @21).

Remark 2.10. From the proof of Theorem 2.9, one also deduces that if X is a
connected Z/k almost complex manifold with a nontrivial Z/k circle action, then
DX, DX @ Ky! are rigid in Z/k category.
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3. A PROOF OF THEOREM [2.§]

In this section, following Zhang [29] and by making use of the analysis of Wu-
Zhang [28] and Dai-Zhang [0] as well as Liu-Ma-Zhang [21], which in turn depend
on the analytic localization techniques of Bismut-Lebeau [4], we present a proof of
Theorem 2.8

This section is organized as follows. In Section Bl we recall a result from [28]
concerning the Witten deformation on flat spaces. In Section B2l we establish the
Taylor expansions of DX and c¢(H) (resp. BX) near the fixed point set Xz (resp.
0Xp). In Section B3l following [6, Section 3(b)], we decompose the Dirac type
operators under consideration to a sum of four operators and introduce a defor-
mation of the Dirac type operators as well as their associated boundary operators.
In Section B4l by using the techniques of [0 Section 3(c)], [2I, Section 1.2] and
[, Section 9], we carry out various estimates for certain operators and prove the
Fredholm property of the Atiyah-Patodi-Singer type boundary problem for the de-
formed operators introduced in Section [3.3] In Section B0l we complete the proof
of Theorem 2.8

3.1. Witten deformation on flat spaces. Recall that H is the canonical basis
of Lie(S') = R. In this subsection, let W be a complex vector space of dimension
n with a Hermitian form. Let p be a unitary representation of the circle group S*
on W such that all the weights are nonzero. Suppose W* are the subspaces of W
corresponding to the positive and negative weights respectively, with dim¢ W~ = v,
dime¢ W+ =n—wv. Let 2 = {#'} be the complex linear coordinates on W such that
the Hermitian structure on W takes the standard form and p is diagonal with
weights \; € Z\{0} (1 <¢ < n), and A\; < 0 for ¢ < v. The Lie algebra action on W
is given by the vector field

n ) )
(3.1) H=2rv/-1) \(z'+=—-7-—]).
; ( 0z 0z >
Set
(3.2) KE*(W) = Sym((W*)*) ® Sym(WT) @ det(WT).

Let E be a finite dimensional complex vector space with a Hermitian form and
suppose F carries a unitary representation of S*.

Let 0 be the twisted Dolbeault operator acting on Q°* (W, E), the set of smooth
sections of AW )®E on W. Let @ be the formal adjoint of 9. Let D = v/2(0+0 ).
Let ¢(H) be the Clifford action of H on A(W") defined as in ZI5). Let %y be
the Lie derivative along H acting on Q%*(W, E).

The following result was proved in [28, Proposition 3.2].

Proposition 3.1. 1. A basis of the space of L?-solutions of D + /—1c(H) (resp.
D —/—1¢(H)) on the space of C™ sections of AW ) ® E is given by

(3.3) (TT=5)( T 2 )e == mNil=laz, - dz, (ks € N)
i=1 i=v+1
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with weight Y77y kil il + 220,41 (ki + 1)\| (resp.

(3.4) (TT25)( T #F)e Zmm™ili=faz, -z, (ki eN)
i=1 i=v+1
with weight —Y77" 1 ki Xi| — D00 (ki + 1))

So the space of L?-solutions of a given wezght of D+ /—1c(H) (resp. D —
V=1c(H)) on the space of C* sections of AW ) @ E is finite dimensional. The
direct sum of these weight spaces is isomorphic to K~ (W)®E (resp. KT (W)®F)
as representations of S*.

2. When restricted to an eigenspace of Ly, the operator D + v/—1c(H) (resp.
D —\/=1c(H)) has discrete eigenvalues.

3.2. A Taylor expansion of certain operators near the fixed point set.
Following [4, Section 8(e)], we now describe a coordinate system on X near Xp.
For e > 0, set B. = {Z € N| |Z| < e}. Since X and Xy are compact, there exists
go > 0 such that for 0 < € < g, the exponential map

(y,Z) € Nv+—> expi((Z) eX

is a diffeomorphism from Z. onto a tubular neighborhood 7. of Xy in X. From now
on, we identify %, with ¥, and use the notation z = (y, Z) instead of z = expi((Z).
Finally, we identify y € Xy with (y,0) € N.

Let 7 ((S(U, L) ® W)|x,, ) be the vector bundle on N obtained by pulling back
(S(U, L) ® W)‘XH form: N — XH.

Let g7X# gV be the corresponding metrics on TXy and N induced by g7%x
Let dvy, dvy, and dvy be the corresponding volume elements on (T'X,g7™),
(TXp,g"X#) and (N,gV). Let k(y,Z) ((y,Z) € P:) be the smooth positive
function defined by

(3.5) dvx (y, Z) = k(y, Z)dvx, (y)dvn, (Z).

Then k(y) = 1 and 2% (y) =0 for y € Xp. The latter follows from the well-known
fact that X g is totally geodesic in X.

For z = (y, Z) € ¥,, we will identify S(U, L), with S(U, L), and W, with W,
by the parallel transport with respect to the S'-invariant connections V(L) and
VW respectively, along the geodesic t — (y,tZ). The induced identification of
(S(U, L)@ W), with (S(U, L) ® W), preserves the metric and the Z,-grading, and
moreover, is S'-equivariant. Consequently, DX can be considered as an operator
acting on the sections of the bundle 7*((S(U, L) ® W)|x,,) over %., commuting
with the circle action.

For € > 0, let E(¢) (resp. E) be the set of smooth sections of

T ((S(U, L) @ W)|x,)

on A (resp. on the total space of N). If f,g € E have compact supports, we will
write

s wo=(n) [ ([ 000.20m@) a0

Then kY/2DXk~1/2 is a (formally) self-adjoint operator on E.
The connection V¥ on N induces a splitting TN = N @ TH N, where THN
is the horizontal part of TN with respect to V¥. Moreover, since Xy is totally
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geodesic, this splitting, when restricted to X, is preserved by the connection V¥
on TX|x,. Let V be the connection on (S(U, L)®W)|x,, induced by the restriction
of VSW.LI®W t6 X 1. We denote by 7*V the pulling back of the connection V on
(S(U,L) ® W)|x,, to the bundle 7*((S(U, L) @ W)|x,,)-

We choose a local orthonormal basis of T X such that eq,--- , eq form a basis of
TXp, and egrqq,- -+, e, that of Ng. Denote the horizontal lift of e; (1 < i < 2')
to THN by eff. We define

2’ 21
(3.7) DT =3 "c(e))(@ V), DN = > c(e:)(FV)e,.

i=1 i=21"+1
Clearly, DV acts along the fibers of N. Let 3" be the O-operator along the fibers
of N, and let 5N* be its formal adjoint with respect to [B.0). It is easy to see that
DN =2 (EN + EN*). Both DY and D¥ are formally self-adjoint with respect to

B.6).
For T > 0, we define a scaling f € E(eo) — Stf € E(eovV/T) by

Z
(3-8) Srf(y.Z)=f (yv ﬁ) . (W2) € '@€oﬁ )
For a first order differential operator
2l _ _ 21 _ _
(39)  Qr=> arW, )@ V) + Y by, 2)7V)e, +cr(y, 2)
i=1 i=2l/+1

acting on E(EO\/T ), where al., bi., and e are endomorphisms of
T ((S(U, L) @ W)|x,)

which depend smoothly on (y, Z), we write
(3.10) Qr = O(|12]?0" +|Z|0" + 2| +|2)
if there is a constant C' > 0, p € N such that for any T' > 1, (y,Z) € B, 7> We
have

lar(y, 2)| < C|Z] (1 <i<a),
(3.11) b7 (y. 2)| < C|Z]* (2" +1<i<20),

ler(y, 2)] < C(1Z] + |Z]7) .

Let Eg be the set of smooth sections of 7*((S(U, L) ® W)|x,, ) over N|sx,. On

the boundary of Xy, we choose the local orthonormal basis as in Definition 2.4
Similarly as in (Z6]), we define

0 N (D w55 v 9\ pr
(3.12) B :—Zc o c(e)(T*V)en, B =-—c o D% oxy

=2

on Ey (compare with (B1)).

Let Jg be the representation of Lie(S') on N. Then Z — Jy Z is a Killing vector
field on N. We have the following analogue of [4, Theorem 8.18], [2Il Proposition
1.2] and [28] Proposition 3.3].
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Proposition 3.2. AsT — +oo,

Spkl/2DX Y2851 = VDN + DH 4 ——0(| 20N + |2|0" + 7)),
VT
1 1
Sk Pe(H)E™2S0" = —=c(JnZ) + ——=0(Z|%),
Tk /“c(H) r = 7lnZ) + =002
Sek'?BXETY25: = VTBY + BY + %oquaN +1210" +2]).

3.3. A decomposition of Dirac type operators under consideration and
the associated deformation. For p > 0, let E? (resp. E, E?, F?, F}) be the set
of sections of the bundles S(U,L) @ W over X (resp. (S(U,L) ® W)|px over 0X,
F(S(U, L) @ W)|xy) over N, S(TXg & VE, Lp) & K~ (N) & (@, 10AVa @ W)|x,,
over X, (S(TXy ® Vg, Lp) ® K~ (N)® &, z0AVy @ W)|ax, over X p) which
lie in the p-th Sobolev spaces. The group S* acts on all these spaces (cf. Section
22). For any ¢ E-Z, let Y, Ef ;, Ef, F{ and F{ ,; be the corresponding weight-¢
subspaces, respectively.

Recall that the constant €9 > 0 is defined in the last subsection. We now take
£€(0,%]. Let p: R — [0,1] be a smooth function such that

1 ifa<i
3.13 _ = %
(3.13) pla) {o ifa>1.

For Z € N, set p.(Z) = p(laﬂ)

By Proposition B the solution space of the operator DY ++/—1Tc¢(Jg Z) along
the fiber N, (y € Xp) is the L? completion of K~ (N,) ® (@U?EOAVU ®@W),. They
form an infinite dimensional Hermitian complex vector bundle

K~(N)® (@vﬂ)AVU QW)

|XH

over X, with the Hermitian connection induced from those on N, V|x, — Xg
and W|x,, = Xg. Let 0 be the isomorphism from

L*( Xy, K~ (N)® (®U¢OAV” @W)|x,)

to L2(N,7*((AN" ® @U;EOAVU ® W)|x,)) given by Proposition Bl

Leta € T (Xg,S(TXy ® Vg, Lr)), ¢ € L*(Xu, K_(N)®(®U¢OAVv®W)|XH)a
o =a® ¢. We define a linear map
dim Nj ~x _
(3.14) Ire :FL—EL 0T 2 p(Z)7anSp (09).
In general, there exist ¢(¢) > 0 and C' > 0 such that c(e) < ||Ir¢]| < C.

Let the image of Iy ¢ from F? be EIZ]FS = IT75F§ C E’g. Denote the orthogonal

complement of EOT75 in Eg by EOT’é‘, and let E’}JE‘ =E{N EOTJE‘ Let pre and p%é

be the orthogonal projections from Eg to E%g and E%é respectively.
We denote by (( @U?EOAVU) ® (B, W, ))5_ LS (ol dim, the subbundle of

2

—

(&), ,AVe) @ (Dws)
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whose weight equals £ — % >, |v|dim N, with respect to the given circle action. Let
ge¢ be the orthogonal bundle projection from the vector bundle

—

(&),,,AN) & (®#OAVU) ® (Pw,) — Xu
to its subbundle

®det Ny ((®v¢0AVU) ® (®Wv ))57%2 v] dim N, — X
v>0 v v
where we identify AN, with AN, via the metric for v # 0.

We now proceed to deduce a formula which computes pr ¢s for s € Eg explicitly
under a local unitary trivialization of V.

For yo € Xpg, on a small neighborhood ¥,, C Xpg of yo, choose a unitary
trivialization Ny, = 7, x C" = {(y,2) |y € ¥, Z = (21, -+ ,2,) € C"} such
that for ¢t € R,

0 anry=iant 9
exp(tH) - pi e p

Without loss of g_e)nerality, we assume that \; < O0fori <wvand \; > 0forv <i < n.
Forany T'> 0, k = (ki,--- ,k,) € N*, and (y, Z) € ¥, x C", set

g’_‘?i)e—TZLl Tf|>\z'HZi|27
‘Zl|2k71672T7r\)\7¢\|z,;|2 dony
v (27T)dim Ng*
Computing directly, we have for s € Eg that (compare with [4, Proposition 9.2])

pres(y, Z) = > o e (2) f1 3 (Z)
T €2, St S kil Ea=¢

——— . don(Z
e, /NR pe(Z )fT,g(Z’)S(y,Z)(Q:;I)Vd%-

Using ([B.15]), we get the following analogue of [4, Proposition 9.3].

(3.15)

Y

Proposition 3.3. There exists C > 0 such that if T > 1, 0 € F%, then
(3.16) lEreollmy < Cllolp: +VTlolp).

There exists C > 0 such that for any T > 1, any s € E%, then
(3.17) Ipresl: < Cllslhe; + VT slley).

Given v > 0, there exists C' > 0 such that for T > 1, for s € Eg, then

!

C
(3.18) IprelZI7slsy < 2 sl

Since we have the identification of the bundles
(S(U, L)@ W)y,

~ 7 (S(TXH SV, Lr) @ AN) ® (®U¢OAVU QW) |XH) ‘ :

B
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we can consider k’l/QIT@J as an element of E]g for o € F’g. Set

(3.19) Jre =k Y Irg.

We denote by Jrgo : Ff 5 — E{ ;5 the restriction of Jr¢ on the boundary. Let
EL e = JreFy (vesp. Ef. 5 = JreoF{,) be the image of Jrg (vesp. Jrgo).
Denote the orthogonal complement of EO (resp EY. £ 6) in E0 (resp. Eoﬂ) by
L ; )
EOT75 (resp. ETE ) and let ED: 7e = E¢N ETg (resp. ETga = Ep(9 N ETg ). Let
Dpre (resp. Preo) and pTg (resp. pT§ a) be the orthogonal projections from Eg
(resp. Eg ) to EOTE (resp. ET5 5) and ETf (resp. ET5 o) respectively. It is clear
that pre = k=" ?pr.ek!/? (vesp. preo =k~ ?preok!'/?).
For any (possibly unbounded) operator A (resp. B) on Eg (resp. E2,8)7 we write

AL A® B B®
according to the decomposition EO = EY% T.e D ET£ (resp. EE 5 = E%,g,a &) E%éﬂ),
ie.,
(3.21) AW = pr e Apre, AP = ﬁT,gA,’ﬁ%,g ,

A® =p1  Apre . AW =pf  Apr,

(3.22) ( resp. BW = presBpreo, B® =preoBpres
B® = ﬁT,g,aBﬁT,E,B , BW= 15%,5,6315%,5,8)-
For T > 0, set
0
(3.23) Dy = DX +/—1Tc¢(H), Br = B* —/—1Tc <a_> c(H).
r

Then D7 is a Dirac type operator with its canonical boundary operator Br in the
sense of Definition Let Dy ¢ and Br ¢ be the restrictions of Dy and By on Eg
and Eg) o+ Tespectively.

We now introduce a deformation of D¢ (resp. Bre¢) according to the decom-
position B2T)) (resp. (3:22)).
Definition 3.4 (cf. [6l Definition 3.2], [21], (1.39)]). For any T' > 0, u € [0, 1], set

1 4 2 3
o Dre(u) = D) + D +u(DE) + D).
Bre(u) = BY) + BY) +u(BY) + BY)).

As explained in [6l (3.26)-(3.27)], one verifies that the following identity holds
on 02/26/32

(3.25) DTVE(U) =c <%> <% + BTﬁg(u)> , u € 10,1],
where € > 0 small enough is given in ([Z3)).

We still say that Br¢(u) is the boundary operator associated to Dr¢(u), al-
though Br¢(u) are pseudo-differential operators for u € [0, 1).
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3.4. Various estimates of the operators as T' — +o0o. We continue the discus-
sion in the previous subsection. Recall that

R:(1) = Q) (Sym(N,) @ det N,) ® Q) Sym(N,) @ (X) A1 (Vi) @ W.

v>0 v<0 v#0

Corresponding to the involution 7 = 75 (resp. 7.) on S(U,L), let DXH be the
restriction of the twisted Spin® Dirac operator DX# @ R, (1) (resp. DXH ®R_(1))
on Fg, and let B?H be the restriction of the canonical boundary operator associated
to DX# @ Ry (1) (resp. DX# @ R_(1)) on F{,.

With BI5), 323) and Propositions Bl B2l B3] at our hands, by proceeding
exactly as in [4] Sections 8 and 9], we can show that the following estimates for

BYY, (1 << 4) hold.

Proposition 3.5 (Compare with [6l Proposition 3.3]). (i) As T — +o0,

1
3.26 JL BY Jres=BX" 10 (—) ,
( ) T,6,00T,eT,8,0 13 JT

where O(\/—) denotes a first order differential operator whose coefficients are
dominated by & 77 (C >0).

(ii) For each & € Z, there exists C1 > 0 such that for any T > 1, s € E%ﬂé,af
s e E%“,g.& we have

1

1555l < €1 (ol + il )
1

158 Ve, < €3 (Ml + W, )

(iii) For each & € Z, there exist € € (0,%], To > 0, Cy > 0 such that for any
T>Ty, s€ E#’?a, we have

4
(3.28) 1B sl , = Co(lslley, + VT lslleg , )-

(3.27)

From here, by proceeding as in [6, Section 3(c)], we can deduce that there exist
C3 > 0, T{ > 0such that for u € [0,1], T > T} and s € E{ ,, the following inequality
holds (compare with [6l (3.12)]):

1
(3:29) | Br.es — Br(u) ||E0 <C3(ﬁ”BT1§SHEga+||SHE278)'

By the Kato-Rellich theorem [25, Theorem X. 12|, we deduce that there exists
Ty > 0 such that for T > Ty, u € [0,1], each Br¢(u) is self-adjoint with domain
E% o, elliptic and has discrete eigenvalues with finite multiplicity. Let Pr¢(u) be
the orthogonal projection onto the nonnegative eigenspaces of By ¢(u). We still call
Pr ¢(u) the Atiyah-Patodi-Singer projection associated to Br ¢ (u).

For any T'> T} and u € [O 1], let

DAPST& {SEEg‘PTg ( |ax):0}—>Eg
be the uniquely determined extension of Dy ¢(u).

Proposition 3.6 (Compare with [6, Proposition 3.5)). There exists To > 0 such
that for any w € [0,1] and T > T>, Daps,1,e(u) is a Fredholm operator.
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To prove Proposition B.6] we modify the process in [0, Section 3(d)]. For the
case where s is supported in X\% (0 < € < ¢), we need an analogue of [0 Lemma

3.7). As a matter of fact, using (BI0), (B23) as well as Propositions Bl B2l 33l
and proceeding exactly as in [4], Sections 8 and 9], we deduce the following interior
estimates.

Proposition 3.7. (i) As T — 400,
1
(3.30) Jrt DY) Jre = DE 40 (—) ,

VT

where O(ﬁ) denotes a first order differential operator whose coefficients are
dominated by % (C>0).

(ii) For each & € Z, there exists C7 > 0 such that for any T > 1, s € ElTJg‘,
s' € Ep . with Supp (|s| + |s']) C X\ %, we have

sl
[DFesllny < (W + ||s|Eg> 7

I/l
3
HD%%s’HEgsa( 7 Il |-

(iii) For each & € Z, there exist ¢ € (0,%2], Tg > 0, Cy > 0 such that for any
T>T), s¢e E;é with Supp (|s|) C X\, we have

(3.31)

4
(3.32) ||D(T}§s||Eg > c;(usnEé + \/T||s\|Eg).

With Propositions 3.5 and 3.7 at our hands, we can complete the proof of Propo-
sition in the same way as in the proof of [0, Proposition 3.5] by applying the
gluing argument in [4, pp. 115-117].

3.5. A proof of Theorem [2.8 Let DE/H be the induced operator from B£XH

through mx, . We first assume that Dg” is invertible, so B?H is invertible. More-
over, we have the following analogue of [6, Proposition 3.8].

Proposition 3.8. If D?H is invertible, then there exists T > 0 such that for any
T > T3, u € [0,1], the boundary operator By ¢(u) is invertible.

By Propositions and [3.8] we have a continuous family of Fredholm operators
{Daps,1.¢(u)}o<u<1 when T is large enough. Furthermore, by Proposition B.§
and Green’s formula, we know that the operators Dapgre(u), 0 < u <1, are self-
adjoint. By the homotopy invariance of the index of Fredholm operators, we get

(3'33) Tr [T‘kCT(DAPs,T,g(O))} =Tr [T‘kcr(DAPS,T,i(l))} ’

Theorem 3.9 (Compare with |21} (1.43)]). If D?H is invertible, then there exists
Ty > 0 such that for any T > Ty, the following identity holds:

(3.34) APS-ind(Dr¢) = Y (—1)Zo<e im N APS.ind (DI )

@
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Proof. By the definitions of Dapg 7¢(u) and Dy ¢(u), we get that

(3.35) APS-ind(Dr,¢) = APS-ind(Dr.e(1)) = Tt |7l p oy |-

Let Preq (resp. Prea) be the Atiyah-Patodi-Singer projection associated to
B(Tlé (resp. B(T%i.) acting on EJ. , 5 (vesp. EOT’)Jg‘Va). Let
1
Dfuls,T,g : {3 € EIT,s ‘ Prea(slox) = 0} — EOT,@
4 1,1 0,1
DE\P)’S7T75 :{s € Eyg | Prea(slox) =0} — Ere

be the uniquely determined extensions of D% )E and D% )5

sition and proceeding as in the proof of [0, Proposition 3.5], one sees that for

, respectively. Using Propo-

T large enough, Dz(xll))s,T,g and DX%S,T@ are both self-adjoint Fredholm operators.
Furthermore, we deduce that for T large enough, ker(DXll))S’T’g) = 0. Thus we get
(3.36) Tr [T}ker(DAps,T,g(o))} =Tr {ﬂker(DSﬁsyT@ } :

On the other hand, for T large enough and u € [0, 1], set
_ 1
D (u) = uDF + (1 —u) Jyg DY) Jre

(3.37) X _ X -1 (1)
Bri(uw) =uB" + (1 —u)Jype s BriJreo -

From (B26]), one can proceed as in [6 (3.37)-(3.39)] to see that when T is large
enough, Bq)f’g (u) is invertible for every u € [0, 1].

We denote by P;f’ ¢ (u) the Atiyah-Patodi-Singer projection associated to Bj)f’g (u).
Using (3:208), (B30) and applying the same gluing argument [4, pp. 115-117] as in
the proof of [6, Proposition 3.5], one sees that when T is large enough and u € [0, 1],

DB me(w) : {s € Fe | Prg (u)(slox) = 0} — FE,

the uniquely determined extensions of Dif’g (u), form a continuous family of self-
adjoint Fredholm operators. Thus by the homotopy invariance of the index of
Fredholm operators, one gets

(338)  Tx| =Tr | — APS-ind(DX™).

T‘ker(Df}{{S,T,g(O))} T’ker(ngs,T,é(l))}
From (ZT16), 2I7), 3I4) and (3I9), one gets
(3.39) Jf,é oToJpe = (—1)Xo<vdmMNor where 7 =17, 0r7, .

From (833) and (B35)-(339), one sees that [3:34) holds when T is large enough.

In general, dim ker(DE/H) need not be zero. For any £ € Z, choose a¢ > 0 to be
such that

(3.40) Spec(D{*) N [—2ag, 2a¢] € {0}.

To control the eigenvalues of By ¢ near zero, we use the method in [6, Section 4(a)]
to perturb the Dirac operators under consideration.

Let € > 0 be sufficiently small so that there exists an S!'-invariant smooth func-
tion f: X — R such that f =1 on %3 and f = 0 outside of %5 /3.
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Let Dg(f be the Dirac type operator defined by

ag
(3.41) DX# = DX —acfc 9
&mae ¢ or)’

where for 7 = 7, (resp. Te), Dg(faE is considered as a differential operator acting

on F(XH, S(TXH D VOR, LF) X R+’£) (resp. F(XH, S(TXH &) %R, LF) ® R,’g)).
By Theorem 277 we get

(342)  APS-ind(D; ") — APS-ind(D; ") = —sf{B; /" —agt[0 <t <1} .

By (B-40)), the right hand side of ([3:42) is equal to zero.
For any T' € R, let Dy, _,, : I'(X,S(U,L) @ W) — T'(X,S(U,L) ® W) be the
Dirac type operator defined by

0
(343) DT,—a5 = DT - agfc (E) .

Let Drg¢ —q, be its restriction to the weight-£ subspace.

Let Bg(f'ag be the canonical boundary operator of DXH

"4 n the sense of 23).
Since D?H — ag, which is the induced operator from B Ha through 7x,,, is invert-

ible, by the proof of Theorem B9 we get when T is large enough,
. im N, . XH,a
(3.44) APS-ind(Dry,—q,) = _(—1)>0<e ™ N APS-ind (D; )

(03

By Theorem 2.7} we deduce that, for £ € Z,
(3.45) APS-ind(Dr, o) = APS-ind(Dr¢) mod KZ.
From (342), B44) and [B45]), we get for T large enough,
(346)  APS-ind(Drg) = > (—1)Zo<v i No APS ind (D)  mod kZ .

[e3%

On the other hand, by Theorem 27 one knows the mod k invariance of
APS-ind(Dr¢) with respect to T' € R. By this and (3.34), (8.40), one gets

(3.47) APS-ind(D, ) = 3 (~1)Zo0< S Nv APS ind (D) mod kZ .

«

By taking 7 = 74 (resp. 7.), we get the first equation of (2.22) (resp. (2.23).
To get the second equation of ([222)) (resp. (Z23))), we only need to apply the first
equation of (Z22) (resp. [223)) to the case where the circle action on X is defined
by the inverse of the original circle action on X.

The proof of Theorem 2.8 is completed.

4. RIGIDITY AND VANISHING THEOREMS ON Z/k SPIN® MANIFOLDS

In this section, by combining the S'-equivariant index theorem we have estab-
lished in Section [2] with the methods of [20], we prove the rigidity and vanishing
theorems for Z/k Spin® manifolds, which generalize [I7, Theorems A and B]. As
will be pointed out in Remark 3] when applied to Z/k spin manifolds, our results
provide a resolution to a conjecture of Devoto [7]. Both the statement of the main
results and their proof are inspired by the corresponding results as well as their
proof for closed manifolds in [20,21]. As explained in Section 2.1, when we regard
the considered Z/k manifold as a quotient space which has the homotopy type of
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a CW complex, by using the splitting principle [I2] Chapter 17|, we can apply the
topological arguments in [20,21] in our Z/k context with little modification. Thus
we will only indicate the main steps of the proof of our results.

This section is organized as follows. In Section [£] we state our main results,
the rigidity and vanishing theorems for Z/k Spin® manifolds. In Section 2 we
present two recursive formulas which will be used to prove our main results stated
in Section Il In Section .3} we prove the rigidity and vanishing theorems for Z/k
Spin® manifolds.

4.1. Rigidity and vanishing theorems. Let X be a 2/-dimensional Z/k mani-
fold, which admits a nontrivial Z/k circle action. We assume that TX has a Z/k
Sl-equivariant Spin® structure. Let V be an even dimensional Z/k real vector bun-
dle over X. We assume that V has a Z/k S'-equivariant spin structure. Let W be
a Z/k S'-equivariant complex vector bundle of rank r over X. Let Ky = det(W)
be the determinant line bundle of W, which is obviously a Z/k complex line bundle.

Let Kx be the Z/k complex line bundle over X induced by the Spin® structure
of TX. Let S(TX, Kx) be the complex spinor bundle of (TX, Kx) as in Section
2T Let S(V)=ST(V)@® S~ (V) be the spinor bundle of V.

Let K(X) be the K-group of Z/k complex vector bundles over X (cf. [8 p. 285]).
We define the following elements in K (X)[[¢"/?]] (cf. [20, (2.1)]):

Ry(V) = (ST (V) +5(V)) @ é A (V)
Ba(V) = ($H(V) =57 (V)) @ éA_qn(V) ,
Ry(V) = é/\_qnw(V) ;
Ry(V) = éAqM/z (V).
For N € N, let y = e2™/N ¢ <; be an N-th root of unity. Set
(4.2) Qy(W) = é}l\—qu" W)@ é Ay (W) € K(X)[[g]] -

Then there exist Q¢(W) € K(X)][[q]], 0 < ¢ < N, such that

N—1
(4.3) QW) =y QuW).

(=

Let H}, (X, Z) = H* (X x 51 ES', Z) denote the S1-equivariant cohomology group

of X, where ES' is the universal S'-principal bundle over the classifying space
BS! of S'. So H%: (X, Z) is a module over H*(BS',Z) induced by the projection
7 : X xgt ES'Y — BSY. Let p1(-)s1 and wy(-)g1 denote the first S*-equivariant
pontrjagin class and the second S'-equivariant Stiefel-Whitney class, respectively.
AsV xg1 ES! is spin over X x g1 ES!, one knows that %pl(V)Sl is well defined in
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H%, (X, Z) (cf. [26, pp. 456-457]). Recall that
(1.4) H*(BS,2) = 2[u)

with u a generator of degree 2.

In the following, we denote by DX ® R the twisted Spin® Dirac operator acting
on S(TX,Kx)® R (cf. Definition 23). Furthermore, for m € 3Z, h € Z and
R(q) = ZmG%Z q" R € Kg1(X)[[¢"/?]], we will also denote APS-ind(DX ® R,,,, h)
(cf. ZT)) by APS-ind(DX ® R(q),m, h).

Now we can state the main results of this paper as follows, which generalize
[T7, Theorems A and B] to the case of Z/k Spin® manifolds.

Theorem 4.1. Assume that wo(W)g1 = wo(TX)g1, 3p1(VAW —TX)g1 = e-T u?
(e € Z)in Hy (X,Z), and c;(W) =0 mod (N). For0 < (< N,i=1,2, 3,4,
consider the S'-equivariant twisted Spin® Dirac operators

(4.5) D¥ @ (Kw o Ky")'/? @ ésqun (TX) ® Ri(V) @ Qe(W) .

n=1

(i) If e =0, then these operators are rigid in Z/k category.
(ii) If e < 0, then they have vanishing properties in Z/k category.

Remark 4.2 (Compare with [20, Remark 2.1]). As wa(W)s1 = wa(TX)g1,
ci(Kw @ Kx')s1 = 0 mod (2). We note that in our case, X xg1 ES' has the
homotopy type of a CW complex [22]. By [10, Corollary 1.2], the circle action
on X can be lifted to (Kw ® Kx')'/? and is compatible with the circle action on
Ky @ Kyt

Remark 4.3. If X is a Z/k spin manifold, by taking V =TX, W =0 and i = 3 in
Theorem 1] then the S'-equivariant twisted spin Dirac operators

(4.6) DX ® é Sym. (TX) ® é A_gn12(TX)

n=1 n=1
are rigid in Z/k category. This is exactly the Devoto conjecture [7].

Actually, as in [20], our proof of Theorem .l works under the following slightly
weaker hypothesis. Let us first explain some notation.

For each n > 1, consider Z,, C S*, the cyclic subgroup of order n. We have the
Zyn-equivariant cohomology of X defined by Hy (X,Z) = H*(X xz, ES',Z), and
there is a natural “forgetful” map «(S%,Z,) : X xz, ES' — X xg ES' which
induces a pullback «(S",Z,)* : H% (X, Z) — Hy (X,Z). We denote by a(S*,1)
the arrow which forgets the S'-action. Thus «(S*,1)* : H%, (X, Z) — H*(X,Z) is
induced by the inclusion of X into X xg¢1 ES! as a fiber over BS™.

Finally, note that if Z,, acts trivially on a space M, then there is a new arrow
t* : H*(M,Z) — Hj; (M,Z) induced by the projection t : M xz, ES' = M x
BZ, — M.

Let Zoo = S*. For each 1 < n < 400, let i : X(n) — X be the inclusion of the
fixed point set of Z,, C S' in X, and so i induces ig1 : X (n) xg1 EST — X x g1 ES*.
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In the rest of this paper, we use the same assumption as in [20, (2.4)]. Suppose
that there exists some integer e € Z such that for 1 < n < +o0,

1
(St Zy)* o i ( “p (VAW —TX)g1 —e- ﬁ*uQ)
(4.7) 2 .
=t" oS 1) 0ik ( Epl(V +W - TX)Sl) .

Remark that the relation (7)) clearly follows from the hypothesis of Theorem
[T by pulling back and forgetting. Thus it is a weaker hypothesis.

Let G, be the multiplicative group generated by y. Following Witten [27], we
consider the action of yg € G, on W (resp. W) by multiplication by yo (resp. yg H
on W (resp. W). Set

(4.8) Q) = QA (W) © Q) A—gn (W) € K(X)[[4] -
n=0 n=1
Then the actions of G, on W and W naturally induce the action of G, on Q(W).

Clearly, y - QW) = Q,(W). By [@3), we know that for 0 < £ < N,

(4.9) Yo - Qe(W) = yéQg(W), where yo € Gy.

In what follows, for m € 3Z, 0 < ¢ < N, h € Z and R(q) € Kg1(X)[[¢*/?]], we
will denote APS-ind(D¥X ® R(q) ® Q¢(W), m,h) by

APS-ind(D* @ R(q) ® Q(W), m, £, h).
We can now state a slightly more general version of Theorem (1]

Theorem 4.4. Under the hypothesis @), consider the S* x G, -equivariant twisted
Spin® Dirac operators

@10) DY o (Kw 0 K52 @ () Symy. (TX) @ R(V) @ Q)

n=1

(1) Ife:O,formE%Z,heZ,h#0,0§€<N, one has

APS-ind (DX ® (Kw © Kx)"? © &) Sym,. (TX)
(411) n=1

® R(V) ® Q(W),m, ¢, h) =0 mod kZ .

(ii) Ife<0,form€%Z, heZ,0<{< N, one has

APS-ind (DX © (Kw ® Kx')? © X) Sym,. (TX)
(412) n=1
® Ry(V) @ Q(W),m, ¢, h) =0 mod kZ .

In particular, one has

APS-ind(DX ® (Kw ® Kx')'? © R) Sym,. (TX)
(413) n=1

® R;(V) ®Q(W),m,€) =0 mod kZ .

The rest of this paper is devoted to a proof of Theorem [£.4]
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4.2. Two recursive formulas. Recall that Xg = {Xy o} is the fixed point set
of the circle action. As in [20] (2.5)-(2.6)], we may and we will assume that

TX|x, =TXy ® @Nv,

v>0
(4.14) TX|x, @2 C=TXp @ Co P (N, ®N,),
v>0
V|XH :VOR@®VU ) W|XH :@Wv 5
v>0 v

where N,, V,,, W, are Z/k complex vector bundles on which S acts by sending g
to g¥, and V} is a real vector bundle on which S* acts as identity.

By [(@I4), as in (ZI08) and ([ZI7), there is a natural Z/k isomorphism between
the Zy-graded C(TX)-Clifford modules over Xy

(4.15) S(TX,Kx)|x, ~ S(TXH, Kx @ X)(det Nv)_l) @@vwz\m .
v>0

For a Z/k complex vector bundle R over X, let DX# ® R, DX#.« @ R be the
twisted Spin¢ Dirac operators on S(TXpy, Kx ® @,.,(det N,)™1) ® R over Xp,
XH,a, respectively (cf. Definition 2.3)).

As in [20, (2.8)], we introduce the following locally constant functions on X

e(N) =3 v*dimN,, d(N)=) vdmN,,

v>0

v>0 >0
(4.16) e(V)=Y v*dimV,, d(V)=) vdimV,,
v>0 v>0
e(W) = Zv2 dim W, , d' (W)= Zvdiva .

Furthermore, we write, on Xy (cf. [20, (2.9)]),

L(N) = Q)(det N,))" ,  L(V) = Q)(det V)",

417 v>0 v>0
(.17) L(W) = ®(det W,)", L=LN)"'eLV)®LW).
v#0

Take Zs, = S! in hypothesis ([{.7). By using the splitting principle [12, Chapter
17] and computing as in [20, (2.10)-(2.11)], we get

(4.18) a(L)=0, e(V)+eW)—e(N)=2e.

From Remark 22l and (8], one knows L is a trivial Z/k complex line bundle over
each component Xp , of Xp, and S* acts on L by sending g to g*¢, and G,, acts
on L by sending y to yd/(W).

Recall that ¢;(W) = 0 mod (). Then by [II, Section 8] and the proof of
[20, Lemma 2.1}, d'(W) mod(NN) is constant on each connected component Xy o of
Xp. Thus, we can extend L to a trivial Z/k complex line bundle over X, and we
extend the circle action on it by sending ¢ on the canonical section 1 of L to ¢2¢-1,
and G acts on L by sending y to yd/(W).

For ¢ =1, 2, 3, 4, we set

(4.19) R = (Kw @ Kx")'Y? @ R;(V) @ Q(W).
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Then by Theorem 2.8 we can express the global Atiyah-Patodi-Singer index via
the Atiyah-Patodi-Singer indices on the fixed point set up to kZ.

Proposition 4.5 (Compare with [20, Proposition 2.1]). For m € 3Z, h € Z,
1<i<4,0< ¢ <N, we have

APS-ind (DX ® é Sym, . (TX) @ R',m, ¢, h)
n=1

(420) =3 "(—1)Xes0dmNe APS ind (DXH*" ® () Sym, (TX|x,,) @ R’
«@ n=1
® Sym (@ N,) ® ® det N, m, ¢, h) mod kZ .
v>0 v>0

To simplify the notation, we use the same convention as in [20, p. 945]. For
ng € N*, we define a number operator P on KSl(X)[[q%H in the following way:
if R(q) = @ne%z R,.q" € Kg1 (X)[[q%]], then P acts on R(q) by multiplication
by n on R,. Fro;n now on, we simply denote Sym .. (T'X), Agn (V) and Agn (W) by
Sym(T'X,,), A(V,,) and A(W,,), respectively. In this way, P acts on TX,,, V;, and
W,, by multiplication by n, and the actions of P on Sym(7T'X,,), A(V,,) and A(W),,)
are naturally induced by the corresponding actions of P on TX,,, V,, and W,,. So
the eigenspace of P = n is just given by the coefficient of g™ of the corresponding

element R(q). For R(q) = @, c,Rug" € KS1(X)[[qT+0]], we will also denote
no
APS—ind(DX ® R, h) by APS—ind(DX ® R(q),m, h)
For p € N, we introduce the following elements in K¢ (Xg)[[g]] (cf. [20, (2.14),

(3.6)]):
®Sym TXuHnp) ®®(®Sym ) ® Sym(Nmn)) ,
v>0 n=1 n>pv
(4.21) Fp(X ® ® (Sym U_n)®detN)

v>00<n<pv
FPX)=Fp(X)@ Fp(X) .
Then from [@I4) and [@2T), over X, one has (cf. [20, (2.15)])

(4.22) FUX) = é Sym . (T'X|x,,) ® Sym(@ N,) ® ®det N, .

n=1 v>0 v>0

We now state two intermediate results on the relations between the family indices
on the fixed point set. These two recursive formulas will be used in our proof of
Theorem [£4] in the next subsection.

Theorem 4.6 (Compare with [20, Theorem 2.4]). For each a, 1 <i <4, m € %Z,
1<?¢<N,h,peZ,p>0, the following identity holds:

(4.23) APS-ind(DXHv“ ® FP(X)® Ri,m+ %er(N) + gd’(N), 0 h)
— (—1)pW) APS-ind(DXH’“ ® FO(X)® R' ® L, m + ph + p?e, £, h) .

Proof. The proof will be presented in Section (.11
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Theorem 4.7 (Compare with [20, Theorem 2.3]). For 1 < i < 4, m € 1Z,
1<l <N, h,peZ,p>0, we have the following identity:

3 (1) X0 MmNy APS.ind (DXH’C‘ ® FO(X) @ R, m, L, h)

[e3

(4.24) =3 (— 1P M+ dimNe APS.ind (DXM ® FP(X)® R,

m + %er(N) + Bd'(N), ¢, h) mod k7 .
Proof. The proof will be presented in Sections

4.3. A proof of Theorem 4L As 1p\(TX — W)g1 € H}, (X, Z) is well defined,
one has the same identity as in [20 (2.27)],

(4.25) d(N)+d(W)=0 mod (2).

From ([@22), [@2%), Proposition and Theorems .6, L7 for 1 < i < 4,
m € %Z, 1<¢<N,h,p€eZ,p>0, we get the following identity (compare with

[20, (2.28)]):

(4.26)  APS-ind(D¥ ® (X) Sym,.(TX) @ R, m, {, h)

n=1

= APS-ind(D¥ @ Q) Sym,. (TX) @ R' @ L™, m’,£,h) mod kZ ,

n=1
with
(4.27) m' = m + ph + p?e.

By (1), (2), if m < 0 or m’ < 0, then either side of (£20]) is identically zero,
which completes the proof of Theorem 4l In fact,

(i) Assume that e = 0. Let h € Z, mg € %Z, h # 0 be fixed. If h > 0, we take
m’ = myg; then for p large enough, we get m < 0 in [@26]). If h < 0, we take
m = my; then for p large enough, we get m’ < 0 in ([@20]).

(ii) Assume that e < 0. For h € Z, mg € %Z, we take m = myg; then for p large
enough, we get m’ < 0 in ([{20]).

The proof of Theorem [£.4]is completed.

5. PROOFS OF THEOREMS AND [4.7]

In this section, following [20, Sections 3, 4], we prove those two recursive formulas
which are stated in Section

This section is organized as follows. In Section 5.1l by modifying the process in
[20, Section 3.2], we present a proof of Theorem 6l In Section[52] we introduce the
same refined shift operators as in [20, Section 4.2]. In Section 53, we construct the
twisted Spin® Dirac operator on X (n;), the fixed point set of the naturally induced
Znp,;-action on X. In Section 5.4 by applying the mod k localization formula in
Theorem 2.8 we prove Theorem (.7
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5.1. A proof of Theorem .6l Recall that H is the canonical basis of Lie(S1) = R
and H is the corresponding Killing vector field on X. On the fixed point Xy, let Jg
denote the operator which computes the weight of the S! action on I'(Xg, E|x,,)
for any Z/k Sl-equivariant vector bundle E over X. Then Jy can be explicitly
given by (cf. [21] (3.2)])

1

(5.1) Ju = m$H|F(XH,E\xH) ’

where 2y denotes the infinitesimal action of H acting on I'( X, E).

Recall that the Zs-grading on S(T'X, Kx )@@, —, Sym(T'X,,) (resp. S(T Xy, Kx
@ ®yso(det N,y)) 1) @ FO(X)) is induced by the Zy-grading on S(T'X, Kx) (resp.
S(TXy, Kx @ Q,-0(det N,)™1)). Write

F = 5( ®®A
Q) AW,

n€N+2

= é AW, ® é AW,
n=0 n=1

(5.2) Fy

There are two natural Zs-gradings on Fy,, F2 (resp. Q*(W)). The first grading
is induced by the Zs-grading of S(V) and the forms of homogeneous degrees in
R A(Vy), Qpenvi 1 AVy) (resp. QY (W)). We define 7, = £l (i =1,2)
(resp. Ti|g1(w)x = *£1) to be the involution defined by this Z,-grading. The second
grading is the one for which F{, (i = 1, 2) are purely even, i.e., F‘if = F{/ We
denote by 75 = id the involution defined by this Zs-grading. Then the coefficient
of ¢" (n € $Z) in @) of Ry (V) (resp. Rao(V), R3(V), R4(V), Q(W)) is exactly
the Zo-graded Z/k vector subbundle of (F{, 75) (resp. (F\,7e), (F,7e), (F&,7s),
(QY(W),11)), on which P acts by multiplication by n.

Furthermore, we denote by 7. (resp. 75) the Zs-grading on S(TX,Kx) ®
Q.2 Sym(TX,)®F}, (i =1, 2) induced by the above Z,-gradings. We will denote
by Te1 (resp. 7s1) the Zo-grading on S(TX, Kx) ® Qe Sym(TX,,) ® Fy, ® Q1 (W)
(i =1, 2) defined by

(5.3) Tel = Te®T1 , Tel = Ts®T .

We still denote by 71 (resp. 741) the Zs-grading on S(TX g, Kx ®Q),~o(det N,) 1)
@ FP(X)® F, @ Q" (W) (p €N, i=1,2) which is induced as in (53).

By @14), as in (@.I3)), there is a natural Z/k isomorphism between the Z-graded
C(V)-Clifford modules over X,

(5.4) S(V)|x, =~ S(VOR,® (det V,) ) ®® AV,

v>0
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Let Vo = Vit ®@g C. Using (@I4) and ([5.4), we rewrite (5.2) on the fixed point
set Xy as follows:

Rl = é A(Vor © P (Ven © Vn))

n=1 v>0
@ S(VE, Qdet V,) ) @ (R AVaso
(5 5) v>0 v>0
. ® A(VOn@@ vn@vvn)a
neN+1 v>0

W) = QAP Won) @ QAP Won)

We can reformulate Theorem as follows.

Theorem 5.1 (Compare with [20, Theorem 3.1]). For each o, i = 1,2, T = 7e1 or
Ts1, M E %Z, 1<?¢<N,h,peZ,p>0, the following identity holds:

APS-ind, (DXHﬂ ® (Kw ® [(‘)—(1)1/2 ® FP(X)
: 1
® Fy © Q' (W), m+ 5p%e(N) + Sd/(N), (,h)
(5.6) / 2 2
= (~1)»¥ (") APS-ind, (DXH»a ® (Kw ® K32 @ FO(X)
® Fi, @ QY (W) ®L*P,m+ph+p2e,£,h) )

We introduce the same shift operators as in [20, Section 3.2], which follows [26]
in spirit. For p € N, we set

Tyt Nv,n — Nv,n+ptz s Tkl Nv,n — Nv,n—pv s
(57) Tyt Vu,n — Vl},n+pv ) Ts ! Vv,n - V’u,n—pv )
T i Wom = Wondgpo s T :Won = Wy n_py -

Using the similar Z/k S'-equivariant isomorphism of complex vector bundles as
n [21, (3.14)] and the similar Z/k G, x S'-equivariant isomorphism of complex
vector bundles as in [20, (3.15) and (3.16)], one deduces the following propositions
by direct calculation.

Proposition 5.2 (Compare with [20, Proposition 3.1]). Forp € Z, p >0, i =1,
2, there are natural Z/k isomorphisms of vector bundles over Xp,

(68)  r(FPX)=FX)@LINY, r(F)=F o LV)

For any p € Z, p > 0, there is a natural Z/k G, x S'-equivariant isomorphism of
vector bundles over Xy,

(5.9) r(QN(W)) = Q' (W) @ L(W)™?
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Proposition 5.3 (Compare with [20, Proposition 3.2]). Forp € Z, p > 0,i =1, 2,
the Z/k Gy-equivariant isomorphism of vector bundles over X induced by (B8],

re s S(TXy, Kx ® R)(det N,) ™) @ (Kw @ Kx')'/?

v>0

® FP(X)® F,@Q' (W)
— S(TXp, Kx ®@Q)(det Ny) ™) @ (Kw @ Kx')/?

v>0

QF(X)QF, Q' (W) L™,

verifies the following identities:

(5.10)

-1
Ty -JH"I’*ZJH,

(5.11) 1

r;t - Por, =P+ pJy +ple— §p26(N)—§d'(N) .
For the Zs-gradings, we have
(5.12) rlrer  =Te , TolTere =T, TolTiT = (—1)pd/(W)7'1 .

Theorem B.1]is a direct consequence of Propositions and B3]

5.2. The refined shift operators. We first introduce a partition of [0,1] as in
[20, pp. 942-943]. Set J = {v € N’ there exists « such that N, # 0 on XH,Q} and

(5.13) ® = {8 € (0,1]| there exists v € J such that v € Z} .

We order the elements in ® so that & = {52 | 1<i< Jy,JoeNand 3; < BiJrl}.
Then for any integer 1 < ¢ < Jy, there exist p;, n; € N, 0 < p; < n;, with (p;,n;) =1
such that

(5.14) Bi = pi/ni -

Clearly, 35, = 1. We also set pg =0 and 3y = 0.
For 0 < j < Jy, p € N*, we write

If:{(v,n)ENxN‘veJ, (p— v <n<pv, Z:p—l—i—%},
J

(5.15)

I’?:{(v,n)eNxN

J v E J, (p—l)v<n§pv,%>p—l+%}.

Clearly, I§ = 0, the empty set. We define F, ;(X) as in [20, (2.21)], which are
analogous with (£21]). More specifically, we set

(5.16)

Fpi(X) = ® Sym (T Xp,) ® ® ( ® Sym (Ny )
n=1 v>0 n=1
® ® smWa)e @ (SmN ) @deth,)

n>(p—1)v+z—j,v v>0, o
7 05n§<p—1)v+[—7.-v]

n;

—REX e (e @ (SmE, )edtN)e @ Sym(N,.) .

(v,n)eud_ 1?7 (v,n)ET?

1=0"1%
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where we use the notation that for s € R, [s] denotes the greatest integer which is
less than or equal to s. Then

(5.17) Fpo(X)=F PHX), Fps(X)=FP(X).

From the construction of 3;, we know that for v € J, there is no integer in
(Ei=ty, Biy). Furthermore (cf. [20] (4.24)]),
J

nj—1

[B=to] = [Bo] —1 i v=0 mod (ny),

niq n;
(5.18) [5;_—14 _ [5—;@} if v£0 mod (n;) .
j— J

We use the same shift operators rj,, 1 < j < Jy, as in [20] (4.21)], which refine
the shift operator r, defined in (7). For p € N*, set

* N'u,n — Nv,nJr(pfl)qupj'u/nj y o Tyxt N’u,n — N'u,nf(pfl)vfpjv/nj )
(5~19) Tix t Vo — Vv,n+(p—1)v+pjv/nj ) Tie : Von — Vv,n—(p—l)v—pjv/nj )

Tjx : Wv,n — Wv,n+(p—1)v+pjv/nj y o Tyt Wv,n — va—(p—l)v—pj'u/nj .

For 1 < j < Jo, we define F(8;), Fi-(83;), F2(3;) and Qw (B;) over Xy as in
120, (4.13)];

(5.20)

® Sym (TXH,n) X ® ® Sym (Nv,n @Nv,n)

0<n€eZ v>0, 0 7+ 2
v=0," mod(n;) <n€ltyv

» sym< e (@ v.o D N))

0<v/<n;/2 v=v’,—v’ mod(n;) o<neZ+ iy 0<nEZ—%v
J 3
(5.21)
Fy (8;) = ( Qvee @ (D Ve D Vo
0<n€EZ 22>0 Pi _Pi
. O—LmOd(n) 0<nEZ+njv 0<n€eZ njv

@ (B (D Ve @ m))>,

0<v'<n; /2 v=v',—v' mod(n;) 0<neZ+2lv 0<neZ— 2y
J J
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(5.22)

F2(8;) = (@ Vino @ (P Vea

0<n€Z+3 v>0, pj 1
2 v=0, "4 mod(n;) 0<n€Z+ n; vty

o B V)

pj 1
0<n€ezZ— n; v+ 3

@ (@ (@ v @ L))

0<v’'<n;/2 wv=v',—v’ mod(n;) O<n€Z+—v+2 O<n€Zfﬁv+%
j
(5.23)
QWW:A(EB( b w.e B Wv,n)>.
v by pj
0<n€eZ+ n; v 0<nezZ— n; v

Using (18), (5I9) and computing directly, we get an analogue of Proposition
as follows.

Proposition 5.4 (Compare with [20, Proposition 4.1]). There are natural Z/k
isomorphisms of vector bundles over Xy :

7 (Fpj—1(X)) ~ F(B;) ® & Sym (N, )

v>0, v=0 mod (n;)

© &) (det N,) ole-nert X (det N,)

v>0 v>0, v=0 mod (ny)

P (Fpy (X)) ~ F(Bj) @ & Sym(N,,)

v>0, v=0 mod (n;)

©® (det V) Zo] +p-1)o+1

ri(F) = S (Vi Qdet Vi) ™1) @ F(8))

v>0
® 09 Voo ®®detv ety
v>0, v=0 mod (nJ) v>0
— [Pi,y L “1o
rin(FP) = F3 (8) @ ® A(Vio) ® ®(det V) [J +3]+e- _

v>0, UEHTj mod (n;) v>0

There is a natural Z/k G, x S1-equivariant isomorphism of vector bundles over

XH7
Dv+1
(@) = Qu () & (et T, L) T 1w
v>0
® ® (et o @eriw,) e
v>0, v=0 mod (n;) v<0
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5.3. The Spin® Dirac operators on X (n;). Recall that there is a nontrivial Z/k
circle action on X which can be lifted to the Z/k circle actions on V' and W.

For n € N*, let Z,, C S* denote the cyclic subgroup of order n. Let X (n;) be the
fixed point set of the induced Z,; action on X. Let N(n;) — X (n;) be the normal
bundle to X(n;) in X. Asin [5l p. 151] (see also [20} Section 4.1], [2I], Section 4.1]
or [26]), we see that N(n;) and V can be decomposed, as Z/k real vector bundles
over X (n;), into

Nnj)= € NmjweNm): .

0<v<n; /2

V|X(nj) = V(HJ)BR 5> @ V(nj)v 53] V(nj)§7/2 )

0<v<n; /2

(5.24)

where V(n;)§ is the Z/k real vector bundle on which Z,, acts by identity, and
N(nj)ﬂsj/2 (resp. V(nj)Hsj/Q) is defined to be zero if n; is odd. Moreover, for
0 <wv < n;/2, N(n;), (resp. V(n;),) admits a unique Z/k complex structure such
that N(n;), (resp. V(n;),) becomes a Z/k complex vector bundle on which g € Z,,,
acts by g”. We also denote by V(n;)o, V(n;)n, /2 and N(n;),, /2 the corresponding
complexification of V(n;)&, V(nj)Ej/2 and N(nj)Ej/Q.

Similarly, we also have the following Z, -equivariant decomposition of W, as
Z/k complex vector bundles over X (n;):

(5.25) Wixm) = P Wy,

0<v<n;

where for 0 < v < nj, g € Zy, acts on W(n;), by sending g to g".

By [20, Lemma 4.1] (which generalizes [5] Lemmas 9.4 and 10.1] and [26, Lemma
5.1]), we know that the Z/k vector bundles TX (n;) and V (n;)§ are orientable and
even dimensional. Thus N(n,) is orientable over X (n;). By (£.24)), V(nj)]fj/2 and
N (nj)ﬂs]_ /o are also orientable and even dimensional. In what follows, we fix the
orientations of N(?"Lj)ﬂffj/2 and V(nj)Ej/Q. Then TX (n;) and V(n;)§ are naturally
oriented by (5:24) and the orientations of TX, V| N(nj)ﬂsj/2 and V(nj)ﬂsj/?

By @I4), (524) and (B.25]), upon restriction to Xz, we get the following identifi-
cations of Z/k complex vector bundles (cf. [20, (4.9) and (4.12)]): for 0 < v < n;/2,

N(nj)v: @ Ny & @ Nv’ ;

(526) v'>0,v'=vmod(n;) v'>0,v'=—v mod(nj)_
V= B e @B Ve
v'>0, v'=vmod(n;) v/ >0, v'=—vmod(n;)

for 0 <v < ny,

(5'27) W(nj)v = @ Wy

v'=vmod(n;)
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Also we get the following identifications of Z/k real vector bundles over X (cf.

20, (4.11))):
TX(lx, =TXne @ Noo Noipl = B N
vzo:fog’(nj) v>0,v="4 mod (n;)
Viilxa =Vie @ Ve, V)i = @D W
v>0, H " v>0,

v=0mod(n ) 5—21 mod(n ;)

Moreover, we have the identifications of Z/k complex vector bundles over Xy as
follows:

TX(n;) @r C=TXy @rC® b weN,),

v>0,v=0mod(n; )

V(ng)o=Vy' ®r C& b waev,).

v>0, v=0mod(n; )

(5.28)

As (pj,nj) = 1, we know that, for v € Z, pjv/n; € Z if and only if v/n; €
Z. Also, pjv/n; € Z + % if and only if v/n; € Z + 4. We remark that if v =
—v' mod(n;), then {n|0 < n € Z+ 2oy} = {n|0 < n € Z— 24'}. Using the

identifications (£.26)), (5.27) and (5.28)), we can rewrite F(8;), Fi+(3;), F&(B;) and
Qw (B;) over Xy defined in (5.20)-(5:23)) as follows (cf. [20) (4.7)]):

® Sym (TX(nJ)n) ® ® Sym ( @ N(1;)v,n

0<n€EZ O<v<n;/2 O<nEZ+?U
'j

® @ N(nj)v,n) ® @ Sym (N(nj)nj/2,n) ,

0<nez— iy 0<n€Z+y3

Fy(B)) = ( @ V(nj)on & @ ( EB V(ni)on

0<neZ 0<v<n;/2  0<neZ4 iy
i)

o D WM)@ &b V(nj)nj/Z,n)a

0<nezZ— iy 0<n€Z+1i
J

FV 5] A( @ V nj nJ/2n69 @ ( @ V(nj)v,n

0<neZ 0<v<n;/2  0<nez+ L v+1

@ @ W@,n)@ @ V("j)o,n)7

0<n627%v+% 0<n€Z+1i

532 Qi) =A D ( B Wolwe @ W,

0<v<ny 0<7L€Z+Z—j"l) OSTLEZ—%U
J ]

We indicate here that F(3;), F-(8;), F&(8;) and Qw(3;) in (B:20)-(E23) are

the restrictions of the corresponding Z/k vector bundles on the right hand side of
(G29)-(532) over X (n;), which will still be denoted as F(8;), FL(8;), FZ(5;) and

Qw (55)-
We now define the Spin® Dirac operators on X (n;) following [20, Section 4.1].

(5.29)

(5.30)

(5.31)
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Consider the hypothesis in (@.7)). By the splitting principle [12, Chapter 17] and
computing as in [0, Lemmas 11.3 and 11.4], we get

( > v eV + Win)o = Winghn, o = Niny)a )
(5.33) 0

ny

where 7(n;) = (1 + (=1)"), and u,, € H*(BZy,,Z) ~ Ly, is the generator of
H*(B%Zy,;,7) ~ Zup,]/(n; - un,) . Then by ([5.33)), we know that

Z vy (V(nj)v +W(ng)y — W(ng)n, —v — N(nj)v)

O<v<%

s
r(ny) - F (W) 2+ V)2 = N0y, 2)

is divisible by n;. Therefore, we have

Lemma 5.5 (cf. [20] Lemma 4.2]). Assume that (L) holds. Let

Ling) = @ (det(N(ny).,) @ det(Vn).)
(5.34) 0<v<n,/2 .
® det(W(n;)y) ® det(W(nj)nj,v)) ’

be the complex line bundle over X(n;). Then we have

(i) L(n;) has an n;j-th root over X (n;).
(11) Let Uy = TX(TL]) D V(’I’L])HO{, Uy = TX(’IIJ) D ‘/Y(’I’L])HSJ/2 Let

Li=Kx® (det )v) ® det(V(n )))

0<v<n, /2
® det (W(nj)njm) ® L(nj)r(nj)/nj ’
L=Kx® & (det(N(n;).)) @det(W(ng)a, ) @ Ling) ")/,
0<wv<n;/2

Then Uy (resp. Us) has a Z/k Spin® structure defined by Ly (resp. Ls).

Remark that in order to define an S* (resp. G,,) action on L(n;)"("i)/"  we must
replace the S' (resp. G,) action by its n;-fold action. Here by abusing notation,
we still say an S* (resp. G,) action without causing any confusion.

In what follows, by DX (") we mean the S'-equivariant Spin® Dirac operator on
S(Ur, Ly) or S(Us, La) over X (n;) (cf. Definition 2.3]).
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Corresponding to [213)), by (5.28]), we denote by (cf. [20] (4.16)])

(5.35)  S(Up, L) = S(TXH OVR L, ® R (detN, ®det Vv)”)
v>0,v=0mod (n;)
® @ AV,
v>0, v=0mod (n;)
(5.36)  S(Us, L) = S(TXH, Lie & (detN,)
v>0,0=0 mod(n;)

® R (det Vv)‘1> ® 0% AV, .

v>0,v£% mod (nj) v>0, ’UE% mod (nj)

Then by (ZI8) and (ZIT), for ¢ = 1,2, we have the following isomorphisms of
Clifford modules over Xg:

(5.37) S(U;, L) ~ S(Us, L)' ® & AN,

v>0,v=0mod (n;)

We define the Zs-gradings on S(U;, L;) (i = 1,2) induced by the Zs-gradings
on S(U;, L;) (i = 1,2) and on ® ) AN, such that the isomorphisms
(E31) preserve the Zo-gradings.

As in [20] p. 952], we formally introduce the following Z/k complex line bundles
over Xpg:

v>0, v=0mod (n;

1

L) = (L1_1® ® (det]\fv®deth)®®(deth®deth)_1®Kx)§7

v>0,v=0mod (n;) v>0
1
L=('e @ daNe (@ detV,@@etN,) ! @Kx)
v>0,v=0mod (n;) >0, UE%L mod (n;) v>0

In fact, from (216, (2I7), Lemma and the assumption that V is spin, one
verifies easily that c¢1(L/?) =0 mod (2) for i = 1,2, which implies that L} and L)
are well-defined Z/k complex line bundles over Xp (cf. Section [ZT]).

Then by (E38), (530) and the definitions of Ly, Lo, L} and Lj, we get the
following identifications of Z/k Clifford modules over Xy (cf. [20, (4.19)]):

(538)  S(Ur.L1) ® Ly = S(TXp, Kx ® (R)(det N,) )

v>0
®8(Vy, R)(det V)™ 1) @ X AV,)
v>0 v>0, v=0mod (n;)
(5.39)  S(Un, L) ® Ly = S(TXp, Kx ® (R)(det N,) ™)
v>0

® X A(Vy) -

v>0, 'UEHTJ mod (nj)
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Lemma 5.6 (cf. [20, Lemma 4.3]). Let us write

L(Bj)1 =L ® ® (det N,) [ U]+(p Do+l ® ® detV [ ]+(P 1)v

v>0 >0
© 03¢ (det N,) ™' @ (X)(det W) [-el--ve
v>0,v=0 mod(nJ) <0
® Q) (det W) wylre Q) (detW,)
v>0 v>0,v=0mod(n; )
(6j)2 —L/2®® (det N,) [ ]+(p 1)U+1®® detV,, )[n]”"‘ﬂ"‘(? v
v>0 v>0
[~ 20] ~(p-1)0
® X (det N,) ™ @ X)(det W,) L
v>0,v=0 mod(nJ) v<0
® ® det W) ]Jr(p Do+t o ® (et T,
v>0 >0, v=0mod(n;)

Then L(B;)1 and L(B;)2 can be extended naturally to Z/k G, x S'-equivariant
complex line bundles over X (n;) which we will still denote by L(5;)1 and L(B;)2
respectively.

Now we compare the Zs-gradings in (B.38]). Set

A(nj,N)= > > dimNU—i—o(N( )“%.)7

pasi
; _ 2
%<’U'<’ﬂj 0<v, v=v’ mod (n;)

Alng, V)= > > dim V,, + o(V(nj)ﬂé) 7

%<v’<nj 0<v, v=v’ mod (n;)

(5.40)

where o(N(n;)%,) (resp. o(V(n;)%,)) equals 0 or 1, depending on whether the
2 2
given orientation on N (n;)5, (resp. V(n;)% n ) agrees or disagrees with the complex

2
orientation of ®u>0,vz%mod (ny) N, (resp. @ 030, 0= mod (n;) V).
By [20, p. 953], we know that for the Zs-gradings induced by g, the differ-

ences of the Zy-gradings of (538) and (539) are both (—1)2(N); for the Zy-
gradings induced by 7, the difference of the Zs-gradings of (53]) (resp. E39)) is

(_I)A(nj,N)JrA(nj,v) (resp. (_DA(";‘,N)+0(V(nj)§j/2) ).
To simplify the notation, we introduce the same functions as in [20, (4.30)],
which are locally constant on Xg:

W) = 3 (@mw) - (([20] + (o~ 00) ([220] + (Do +1)

v>0

(ot (= D[220 + (- Do) +1)

(5.41)
——Z (dim W,) ( [~ 20] = (p = Do) ([~ 0] — (p — v+ 1)

+ (2o + (p— 1) (2([~20] — (p— Do) +1))
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€1 = % Z(dim N, —dim V) (([z—;v] +(p— 1)@)([%1}] +(p—1v+1)
(5.42) v>0

— (o + (p— 1)) (2([20] + (p — 1)v) +1)) :
€9 = 1Ez(diva) : (([Z—ij] +(p—1)v) ([Z—;v} +(p—-1v+1)

2
v>0

(Bt (= D) 2([20] + (- 1)) + 1)

_ %Z(diva) ([ + 3]+ - 1)

v>0

(5.43)

—2(Zo+ (p— Do) ([2 + 3]+ (p— 1)) -
As in [20, (2.23)], for 0 < j < Jy, we set

.3 = 5 Sam ) ([ + 0= 00) (el +lp= e 1)
(544) v>0
d'(p, B, N) = Z(diva) : ([i—jv] +(p—1)v) .

v>0

Then e(p, ;, N) and d'(p, B, N) are locally constant functions on Xg. In partic-
ular, we have

e(p,fo, V) = 5(p = 1%e(N) + 50— D' (N) |

(5.45) 6(]), 6J07N) - %p2€(N) + %pd’(N) )

d/(p76Jo7N) = d/(p+ 17607]\[) :pd/(N) .

By Proposition 5.4 (£.38)) and Lemma[5.6, we deduce an analogue of Proposition

Proposition 5.7 (cf. [20, Proposition 4.2]). For i =1,2, the Z/k Gy-equivariant

isomorphisms of complex vector bundles over Xy,

ri s S(TXy, Kx @ Q)(det N,) ™) @ (Kw @ Ky')/?
v>0

® Fpj1(X) @ Fy, @ Q1(W)
— S(Ui, L) ® (Kw @ Kx")'? ® F(8;) ® Fi(B;)

v>0,v=0mod (n;)

riz s S(TXy, Kx @ Q)(det N,) ™) @ (Kw @ Ky')/?
v>0

® Fpi(X) ® Fy @ Q' (W)
— S(U;, L) @ (Kw @ Kx')'Y?2 @ F(8;) ® Fir(85)
® Qw(8j) @ L(B;)i ® ® (Sym (Ny,0) ® det NU)

©v>0, v=0mod (n;)
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have the following properties:

(i) fori=1,2,7=1.2,

—1 .
T ~Ju - 1iy =Ju

_ Py
rml-P-m=P+(n—;+(p—1))JH+am,

(5.46)

3

where €;1 = ; + €(
(ii) Recall that o(V (n;)

) - €(p7 /8j717N)7 Eig = &; + E(W) - e(p7 ﬁ,ﬁN)
) is defined in (BA0). Let

vl 37

= — Z[i—;v] dimV, + A(nj, N) + A(n;,V) mod (2),
v>0

po == [Zo+ 3] dimV, + A(ny, N) +o(V(n;)%;)  mod (2),
v>0 2

H3 = A(n]aN) mod (2)7

[g = Z([Z—ij] + (p—1)v) dim W, + dim W + dim W (n;)o mod (2).
v

Then fori=1,2, v=1,2, we have

7,71

(5.47) v

7’;\/17'17“7;7 = (—1)“47'1 .

-1

TeTiy = (=1)Hi7e Ty TsTin = (=1)k37g |

5.4. A proof of Theorem [4.7]

Lemma 5.8 (Compare with [20, Lemmas 4.4, 4.5 and 4.6]). For X', any fized
connected component of X (n;), the following functions are independent on the con-
nected components of Xg in X':

g +e(W), i=1,2,

d/(p,ﬂij)Jf_/ii"’_;U’AL mod (2)a i:1,273a

(5.48) Y [Ev) dimV, + A(ny, V) mod (2),
v>0
D[R+ 3 dim ¥+ o(Vin)i,) mod (2).
v>0

Proof. The proof is the same as that of [20, Lemmas 4.4, 4.5 and 4.6].

Lemma 5.8 implies that d'(p, 851, N) + >, dim Ny, + p; + pg mod (2) (i =
1,2,3) are constant functions on each connected component of X(n;) (cf. [20]
(4.42))).

By (529), (30), (631), (5.32) and Lemmal5.6] we know that the Dirac operator
DX @ F(B;) @ Fi(85) ® Qw(B;) ® L(B;)i (i = 1,2) is well defined on X (n;).
Observe that the two equalities in Theorem 2.8 are both compatible with the G,
action. Thus, by using Proposition 5.7 and applying both the first and the second
equalities of Theorem 28] to each connected component of X (n;) separately, we
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deduce that fori =1,2,1 <j < Jy, m € %Z,1§€<N,hEZ,T:Tel Or Ts1,

SO () F BN g dim Ny APS ind, (DX0e @ (K @ Ki!)'/2

«

®‘vaj*1(X) & F‘Z/ ® Ql(W)ﬂm+ e(pa ﬂj*l?N)aga h)

Z(_l)d,(pvﬁj—l>N)+Zv>o dim Notp APS_ind, (DX(nj)
B

® (Kw @ Kx')'? @ F(8;) @ Fi:(8;) ® Qw (8;) ® L(B;)i,
m+e; +e(W) + (2 + (p—1))h, ¢, h)

nj

> (-1 T ®FNFE s dim Ne APGLing, (DXH** @ (Kw @ Kx')'Y/?

(5.49) ®F,;(X)® Fi @ QY(W),m + e(p, B;, N), , h) mod kZ

where } 5 means the sum over all the connected components of X (n;). In (5.49),
if 7 = 751, then u = ps + pg, and if 7 = 7.1, then p = p; + pg. Combining (E45)
with (49), we get ([A24]).

The proof of Theorem [£7] is completed.
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